Abstract. (Non-)displaceability of fibers of integrable systems has been an important problem in symplectic geometry. In this paper, for a large class of classical Liouville integrable systems containing the Lagrangian top, the Kovalevskaya top and the C. Neumann problem, we find a non-displaceable fiber for each of them. Moreover, we show that the non-displaceable fiber which we detect is the unique fiber which is non-displaceable from the zerosection. As a special case of this result, we also show that a singular level set of a convex Hamiltonian is non-displaceable from the zero-section. To prove these results, we use the notion of superheaviness introduced by Entov and Polterovich.
the topological closure of Y . Otherwise, X is called non-displaceable from Y . For simplicity, we call X (non-)displaceable if X is (non-)displaceable from X itself.
The problem of (non-)displaceability of a subset of a symplectic manifold (from another subset or from itself) has attracted much attention in symplectic geometry. Non-displaceability results often pinpoint symplectic rigidity, namely the difference between symplectic topology and differential topology, and lead to interesting results in symplectic topology and Hamiltonian dynamics, see for example [PPS] . In this paper, all symplectic manifolds are cotangent bundles T * N over closed smooth manifolds N , equipped with the standard symplectic form. These are the phase spaces of classical mechanics. The first result on non-displaceability in cotangent bundles was non-displaceability of the zero-section [Gr, LS, Ho, Fl] . The traditional tools (Morse theory for generating functions, J-holomorphic curves, and Floer homology) work only when the set in question is a submanifold. However, many dynamically relevant subsets of cotangent bundles are not submanifolds. Examples are energy levels of autonomous Hamiltonians at which the qualitative behavior of the dynamics changes, like Mañé's critical values, and certain subsets therein. In [EP06] , Entov and Polterovich used Floer homology to construct a function theoretical method that is designed to detect the non-displaceability of arbitrary closed subsets (we refer to [En, PR] as good surveys). This theory was adapted by Monzner, Vichery, and Zapolsky [MVZ] to cotangent bundles. In this paper we use their theory to prove the non-displaceability of fibers of classical integrable systems or the energy level corresponding to Mañé's critical value.
We also note that there are some extrinsic applications of non-displaceability. Polterovich [Po14] proved the existence of a invariant measure of some Hamiltonian flow using non-displaceability of some subset in certain situations. He [Po98] also constructed a Hamiltonian diffeomorphism with arbitrary large Hofer's norm using non-displaceability of (the equator) × 0 S 1 in S 2 × T * S 1 , where 0 S 1 is the zerosection of T * S 1 . In [Ka17] , the first author posed some generalization of Bavard's duality theorem. Combing it with Polterovich's above result, he pointed out that the existence of stably non-displaceable fibers might be related to the existence of partial quasi-morphisms on the group of Hamiltonian diffeomorphisms.
Let k be a positive integer. We call a smooth map Φ = (Φ 1 , . . . , Φ k ) : M → R k a moment map if {Φ i , Φ j } = 0 for all 1 ≤ i, j ≤ k, where {·, ·} denotes the Poisson bracket on (M, ω). A moment map Φ = (Φ 1 , . . . , Φ k ) : M → R k is called a Liouville integrable system if k = dim M/2 and (dΦ 1 ) x , . . . , (dΦ k ) x are linearly independent almost everywhere.
Many researchers have studied (non-)displaceable fibers of Liouville integrable system associated with toric structures. For example, see [BEP, Ch, EP09, Mc, FOOO10, FOOO11, FOOO12, AM, ABM, KLS, AFOOO] . Recently some researchers study (non-)displaceable fibers of "moment maps" associated with various generalizations of toric structure like Gelfand-Cetlin systems, semi-toric structures and so on (see, e.g., [NNU, Wu, Vi, CKO, KO19b] ).
In this paper, we deal with classical Liouville integrable systems. We study (non-)displaceable fibers of moment maps on the cotangent bundle of the two-sphere S 2 or the three-dimensional rotation group SO(3) which appear in classical mechanics, for example, the spherical pendulum, the Lagrange top and the Kovalevskaya top. As a previous research in a similar direction, we refer to Albers-Frauenfelder's work [AF08] . They proved non-displaceability of the Polterovich torus in T * S 2 which can be regarded as a fiber of some Liouville integrable system.
As an important fact on (non-)displaceability of fibers of moment maps, Entov and Polterovich [EP06] proved the following theorem.
To prove Theorem 1.1, Entov and Polterovich [EP06] introduced the concept of partial symplectic quasi-state (see Definition 3.1). In [EP09] , they introduced the notion of heaviness of closed subsets in terms of partial symplectic quasi-states. Let C c (M ) denote the set of continuous functions on M with compact supports.
Here we collect properties of (super)heavy subsets.
(ii) Every ζ-heavy subset is non-displaceable.
(iii) Every ζ-heavy subset is non-displaceable from every ζ-superheavy subset.
In particular, every ζ-heavy subset intersects every ζ-superheavy subset.
Relating to Theorem 1.1, Entov and Polterovich posed the following problem.
Problem 1.4 ([EP09, Section 1.8.2], see also [En, Question 4.9] ). Let (M, ω) be a closed symplectic manifold and Φ = (Φ 1 , . . . , Φ k ) : M → R k a moment map. Let ζ : C(M ) → R be a partial symplectic quasi-state on (M, ω) made from the OhSchwarz spectral invariant (see [Sch, Oh05] ). Then, does there exist y 0 ∈ Φ(M ) such that Φ −1 (y 0 ) is ζ-heavy?
1.2. Main results. In this paper we prove that some classical integrable systems (e.g., Lagrange top and Kovalevskaya top) admit superheavy fibers. We consider the cotangent bundle (T * N, ω 0 ) of a closed smooth n-dimensional manifold N where ω 0 is the standard symplectic form on T * N . Let (q, p) be canonical coordinates on T * N where q ∈ N and p ∈ T * q N . Let π : T * N → N denote the natural projection. Definition 1.5. A (time-independent) Hamiltonian H : T * N → R satisfies condition (⋆) if the following conditions hold.
(i) For any c ∈ R the sublevel set
For a Hamiltonian H : T * N → R, we set
and then define
If H satisfies condition (⋆), then we have
Typical examples of Hamiltonians satisfying condition (⋆) are convex Hamiltonians
, where · g is the dual norm of a Riemannian metric g on N and U : N → R is a smooth potential. In this case, the value m H equals the Mañé critical value max N U and
In Section 2.2, we provide classical examples satisfying the assumption of Theorem 1.7.
To prove non-displaceability of a fiber of some integrable systems, we use the following partial symplectic quasi-state. In [Oh97, Oh99] , Oh constructed a spectral invariant on (T * N, ω 0 ) in terms of the Lagrangian Floer theory of the zero-section 0 N of T * N . In [MVZ] , Monzner, Vichery, and Zapolsky constructed a partial symplectic quasi-state on (T * N, ω 0 ), denoted by ζ MVZ : C c (T * N ) → R, as the asymptotization of Oh's Lagrangian spectral invariant. In this paper, the following property of ζ MVZ is crucial.
Now we are in a position to state the main result of this paper. Theorem 1.7. Let N be a closed manifold and Φ = (Φ 1 , . . . , Φ k ) : T * N → R k a moment map. Assume that Φ 1 satisfies condition (⋆) and that the set Φ(S Φ1 ) is a singleton, i.e., Φ(S Φ1 ) = {y 0 } for some y 0 ∈ R k . Then, the fiber
By Theorem 1.3 and Proposition 1.6, the fiber Φ −1 (y 0 ) is non-displaceable from itself and from the zero-section 0 N . Moreover, we can prove that every fiber of Φ, other than Φ −1 (y 0 ), is displaceable from 0 N . To refine Theorem 1.7, we introduce the notion of X-stems. 
(ii) Every fiber of Φ, other than Y , is displaceable from itself or from X.
Entov and Polterovich [EP06] introduced the notion of stems (i.e., every fiber of Φ, other than Φ −1 (y 0 ), is displaceable, where Φ : T * N → R k is a moment map) and proved that stems are superheavy with respect to any partial symplectic quasistate [EP09, Theorem 1.8]. We note that every stem is an X-stem for any compact subset X. Concerning X-stems, we have the following result. Theorem 1.9. Let (M, ω) be a symplectic manifold, ζ : C c (M ) → R a partial symplectic quasi-state on (M, ω), and X a ζ-superheavy subset of M . Then every X-stem is ζ-superheavy.
We prove Theorem 1.9 in Section 3.2. Then we can refine Theorem 1.7 as follows. Theorem 1.10. Let N be a closed manifold and Φ = (Φ 1 , . . . , Φ k ) : T * N → R k a moment map. Assume that Φ 1 satisfies condition (⋆) and that the set Φ(S Φ1 ) is a singleton, i.e., Φ(S Φ1 ) = {y 0 } for some y 0 ∈ R k . Then, every fiber of Φ, other than Φ −1 (y 0 ), is displaceable from the zero-section 0 N . In particular, the fiber Φ −1 (y 0 ) is a 0 N -stem. Hence, by Theorem 1.9 and Proposition 1.6, Φ −1 (y 0 ) is ζ MVZ -superheavy.
We prove Theorem 1.10 in Section 4.1. By Theorem 1.3, we see that Φ −1 (y 0 ) is the unique fiber which is non-displaceable from 0 N . On the other hand, it is a natural question to ask whether Φ −1 (y 0 ) is a stem. In Conjecture 2.15, the authors expect that Φ : T * N → R k has infinitely many non-displaceable fibers, in particular, Φ −1 (y 0 ) is not a stem in a more general situation. For evidences supporting Conjecture 2.15, see Section 2.3.
Here we provide two other applications of our arguments.
For example, the functions H and G in Example 2.8 satisfy condition (⋆) and one can confirm that S H ∩ S G = ∅. As another example, the functions H and G in Example 2.12 also satisfy condition (⋆) and we have S H ∩ S G = ∅. We prove Theorem 1.11 in Section 4.2. The authors do not know another proof of this misterious theorem without using the Floer theory.
When k = 1, the proof of Proposition 1.12 is straightforward by the definition of m Φ1 . Proposition 1.12 follows immediately from Theorem 1.7 and the following proposition.
We prove Proposition 1.13 in Section 4.3.
Applications
In this section, we deal with some classical integrable systems satisfying the assumption of Theorem 1.7 and detect superheavy fibers of them.
Relationship with Mañé's critical values.
We provide an application of our main theorem when a moment map is a function.
Let (N, g) be a closed Riemannian manifold. We equip the cotangent bundle T * N with the standard symplectic form ω 0 . In the context of Mañé's critical values, Cieliebak, Frauenfelder, and Paternain [CFP] proved the following theorem.
As a corollary of our main theorem (Theorem 1.7), we can prove that the level set H −1 (m H ) in Theorem 2.1 is non-displaceable from the zero-section 0 N in a more general setting.
Corollary 2.2. Let N be a closed manifold and H : T * N → R a Hamiltonian satisfying condition (⋆). Then, the level set H −1 (m H ) ⊂ T * N is non-displaceable from itself and from the zero-section 0 N . Remark 2.3. Actually, Cieliebak, Frauenfelder, and Paternain [CFP] proved the non-displaceability of H −1 (c) for any c > m H using the Rabinowitz Floer theory. Hence they obtained Theorem 2.1 as its corollary. On the other hand, as stated in Theorem 1.10,
Example 2.4 (Pendulum). The pendulum is the Hamiltonian system with one degree of freedom on the cotangent bundle T * S 1 of the unit circle S 1 = R/2πZ. We define a function H :
Then, H satisfies condition (⋆) and
(1 − cos q) = 2.
By Theorem 1.7, the level set
is homeomorphic to the figure eight. Note that the ζ MVZ -superheaviness of H −1 (2) also follows from [MVZ, Proposition 1.22 ].
Example 2.5 (Double spherical pendulum). The double spherical pendulum [MS] consists of two coupled spherical pendula (see also [HLS] ). Let
be the position vector of the first spherical pendulum relative to (0, 0, 0
be the position vector of the second spherical pendulum relative to the first one. We define a function H :
It is homeomorphic to the unit cotangent bundle S * g0,1 (S 2 × S 2 ) with the fiber over the point (n, n) ∈ S 2 × S 2 being collapsed to the single point (n, n), (0, 0) ∈ T * (S 2 × S 2 ), where n = (0, 0, 1) ∈ S 2 is the north pole.
Classical integrable systems.
Example 2.6 (Spherical pendulum). The spherical pendulum [La] describes a motion of a particle moving on the unit two-sphere S 2 ⊂ R 3 under a gravitational force. Let g 0 denote the standard Riemannian metric on S 2 . We define functions H, G : T S 2 → R by
In particular, Φ −1 (1, 0) is non-displaceable from itself and from 0 S 2 . We note that the value (1, 0) corresponds to the focusfocus singularity of this system and the fiber Φ −1 (1, 0) is homeomorphic to the two-dimensional torus pinched at a single point (see [CB, Section IV.3.4 
]).
Remark 2.7. Brendel, Kim, and Schlenk [BKS] proved that the fiber Φ −1 (c, 0) is non-displaceable for any c > 1. Thus, the non-displaceability of Φ −1 (1, 0) immediately follows. On the other hand, as stated in Theorem 1.10, Φ −1 (c, 0) is displaceable from 0 S 2 for any c > 1.
The authors do not know whether there exist a Hamiltonian H satisfying condition (⋆) and a real number c with c > m H such that H −1 (c) is displaceable.
Example 2.8 (C. Neumann problem). Let a 1 , a 2 , a 3 be positive numbers satisfying a 1 < a 2 < a 3 . Let S 2 ⊂ R 3 denote the unit two-sphere as in (4). In [Neu] , C. Neumann introduced a Hamiltonian system on T * S 2 which describes the motion of a particle on the unit two-sphere S 2 under the influence of the linear force − (a 1 q 1 , a 2 q 2 , a 3 q 3 ) . We define functions H, G : T S 2 → R by
and
Then, {H, G} = 0 and the function H satisfies condition (⋆). We set Φ = (H, G) :
2.2.1. Spinning tops. We consider the motion of tops. Let q 1 · q 2 (resp. q 1 × q 2 ) denote the dot (resp. cross) product of q 1 and q 2 in R 3 . Let
denote the three-dimensional rotation group, where S 2 is the unit two-sphere in R 3 . Let (e 1 , e 2 , e 3 ) denote the identity matrix. Given a point (q 1 , q 2 , q 3 ) ∈ SO(3), we set n i = q i · e 3 for each i = 1, 2, 3.
Let (q, ω) = (q 1 , q 2 , q 3 , ω 1 , ω 2 , ω 3 ) be the canonical coordinates on T SO(3) defined in terms of the angular velocity (see, for example, [Ar, Section 26] ). Let 0 SO(3) denote the zero-section of T * SO(3). Let I 1 , I 2 , I 3 be positive numbers and
respectively. Let Ψ : T SO(3) → T * SO(3) denote the Legendre transformation of H. Note that Ψ : T SO(3) → T * SO(3) is the metric dual operation with respect to the Riemannian metric g on SO(3) defined by
for q ∈ SO(3) and ω = (ω 1 , ω 2 , ω 3 ),
Then, {H, L z } = 0 and the function H satisfies condition (⋆). We note that
where ν :
By Theorem 1.7, the fiber Φ
Example 2.10 (Lagrange top). The Lagrange top [La, Ar] is a top such that I 1 = I 2 and f (x, y, z) = cz for some real number c. We define another function
. By (7), H(S H ) = {|c|} and G(S H ) = {0}. Therefore, Φ(S H ) = {(|c|, 0, 0)}. By Theorem 1.7, the fiber Φ −1 (|c|, 0, 0) is ζ MVZ -superheavy. If |c| = 0, the fiber Φ −1 (|c|, 0, 0) is homeomorphic to a 3-torus with a normal crossing along an S 1 . For more precise description of this fiber and its singularity, see [CB, Section V.6 ].
Example 2.11 (Kovalevskaya top). The Kovalevskaya top [Ko] is a top such that I 1 = I 2 = 2I 3 and f (x, y, z) = ax for some real number a. We define another function G :
where sgn(a) is the signature of a, and hence G(S H ) = {4a 2 /I 2 1 }. If a = 0, then S H = 0 SO(3) , and hence G(S H ) = {0}.
Therefore, given a ∈ R, we have Φ(S H ) = {(|a|, 0, 4a 2 /I 2 1 )}. By Theorem 1.7, the fiber Φ −1 (|a|, 0, 4a 2 /I 2 1 ) is ζ MVZ -superheavy. Example 2.12 (Clebsch top). The Clebsch top [Cl] is a top such that I 1 < I 2 < I 3 and f (x, y, z) = 1
This system describes a motion of a rigid body, fixed in its center of gravity, in an ideal fluid. We define another function G : T SO(3) → R by
and set G = G • Ψ −1 . Then, {H, G} = 0 and {L z , G} = 0. We set Φ = (H, L z , G) : T * SO(3) → R 3 . Since I 1 < I 2 < I 3 , by (7),
Remark 2.13. We can also apply our main theorem to other famous Liouville integrable systems such as the Euler top [Eu, Ar] . However, the corresponding ζ MVZsuperheavy fiber of the Euler top contains the zero-section which is already known to be ζ MVZ -superheavy. In this sense, our theorem gives only trivial results for such examples.
2.3.
On the existence of infinitely many non-displaceable fibers. It is a natural question to ask whether a Liouville integrable system has infinitely many non-displaceable fibers. Along this line, we have the following result. Let (N, g) be a closed Riemannian manifold. Given a positive number r, let
denote the sphere subbundle of radius r and the open ball subbundle of radius r, respectively.
Proposition 2.14. Let (N, g) be a closed Riemannian manifold. Assume that for any positive number r there exist a positive number R with R > r and a partial symplectic quasi-state ζ R : C c (T * N ) → R such that S * g,R N is ζ R -superheavy. Let H : T * N → R be a Hamiltonian such that H −1 (−∞, c] is compact for any c ∈ R. Then, every moment map Φ = (Φ 1 , . . . , Φ k ) : T * N → R k with Φ 1 = H has infinitely many non-displaceable fibers.
We prove Proposition 2.14 in Section 5. The authors do not know examples of Riemannian manifolds satisfying the assumption of Proposition 2.14. However, the authors expect that any closed Riemannian manifold satisfies the assumption due to the following reason. Given a Riemannian metric g on N and a positive number R, it is known that the Rabinowitz Floer homology of S * g,R N is non-trivial [CFO] . Thus, one can construct a Rabinowitz spectral invariant (with respect to the fundamental class) from the Rabinowitz Floer homology through Albers-Fauenfelder's construction [AF10] . We expect that the asymptotization ζ of that spectral invariant is a partial symplectic quasi-state and S * g,R N is ζ-superheavy since ζ is constructed from the Rabinowitz Floer theory of S * g,R N . By Proposition 2.14 and the above expectation, we pose the following conjecture.
Conjecture 2.15. Let N be a closed manifold. Let H : T * N → R be a Hamiltonian such that H −1 (−∞, c] is compact for any c ∈ R. Then, every moment map Φ = (Φ 1 , . . . , Φ k ) : T * N → R k with Φ 1 = H has infinitely many non-displaceable fibers.
Actually, this conjecture is true when Φ is the spherical pendulum (Remark 2.7) or a convex Hamiltonian (Remark 2.3).
Preliminaries
In this section, we first set conventions and notation. Then we define partial symplectic quasi-states. Let (M, ω) be a symplectic manifold.
3.1. Conventions and notation. Let H be a one-periodic in time Hamiltonian with compact support, i.e., a smooth function H : [0, 1] × M → R with compact support. We set H t = H(t, ·) for t ∈ [0, 1]. The Hamiltonian vector field X Ht ∈ X(M ) associated to H t is defined by Normalization: There exists a non-empty compact subset K ζ of M such that ζ(F ) = 1 for any function F ∈ C c (M ) with F | K ζ ≡ 1. Stability: For any H 1 , H 2 ∈ C c (M ), we have
The Hamiltonian isotopy {ϕ
In particular, Monotonicity holds:
Semi-homogeneity: ζ(sH) = sζ(H) for any H ∈ C c (M ) and any s > 0. Hamiltonian Invariance: ζ(H • φ) = ζ(H) for any H ∈ C c (M ) and any φ ∈ Ham(M ). Vanishing: ζ(H) = 0 for any H ∈ C c (M ) whose support is displaceable. Quasi-subadditivity:
Remark 3.2. There are different definitions of partial symplectic quasi-state. Our definition is based on [KO19b] , but our definition is slightly different from that one. In [KO19b] , they consider the different normalization condition ζ(a) = a for every real number a. In this paper, since we consider open symplectic manifolds and functions with compact supports, we cannot define ζ(a) unless a = 0. This is why we take a slightly different normalization condition. One can easily prove that our definition and the original one are equivalent when M is closed.
To prove Theorem 1.9, we require the following propositions. The proof of Theorem 1.9 is similar to that of [KO19b, Theorem 2.5] . We provide the proof for readers' convenience. We also note that we can apply the same argument as [Ka18] to prove Theorem 1.9 when X is the zero-section.
is displaceable from itself or from X. Here we note that supp(H) ∩ V = ∅. Take a partition of unity {ρ 1 , . . . , ρ d } subordinated to U. Namely, supp(ρ i ) ⊂ U i for any i and
, by the vanishing properties of ζ (from Definition 3.1 and Proposition 3.4), ζ(Φ * (ρ i H) = 0 for any i. Since {Φ * (ρ i H), Φ * (ρ j H)} = 0 for any i and j, by the quasi-subadditivity,
and this completes the proof of the claim. Now given any function G ∈ C c (M ) satisfying G ≥ 0 and G| Y ≡ 0, one can find a function H : R k → R with compact support and an open neighborhood V of p with H| V ≡ 0 such that G ≤ Φ * H. By the monotonicity and the claim,
Here the fact that ζ(0) = 0 follows from the vanishing property since supp(0) = ∅ is displaceable. Therefore, ζ(G) = 0. By Proposition 3.3 (ii), Y is ζ-superheavy.
We obtain the following corollary of Theorem 1.9 which is an analogue of the main result in [KO19b] .
Corollary 3.5. Let (M, ω) be a symplectic manifold. Let ζ : C c (M ) → R be a partial symplectic quasi-state on (M, ω), and X a ζ-superheavy subset of M . Let H : M → R be a Hamiltonian such that H −1 (−∞, c] is compact for any c ∈ R. Then, every moment map Φ = (Φ 1 , . . . , Φ k ) : M → R k with Φ 1 = H has a fiber that is non-displaceable from itself and from X.
Proof. Arguing by contradiction, assume that every fiber of Φ is displaceable from itself or from X. By the assumption on H, every fiber of Φ is compact. Then, every fiber is an X-stem. Since X is ζ-superheavy, by Theorem 1.9, every fiber is ζ-superheavy. Since all fibers are mutually disjoint, it contradicts Theorem 1.3 (i) and (iii).
Proofs of the main results
In this section, we prove the main results stated in Section 1.2. Let N be a closed manifold. Let π : T * N → N denote the natural projection. We equip T * N with the standard symplectic form ω 0 . 4.1. Proof of Theorem 1.10. For the sake of applications in Sections 2.3 and 5, we generalize condition (⋆) as follows. (i) For any c ∈ R the sublevel set
We note that condition (⋆) Σ is equivalent to condition (⋆) when Σ = 0 N . If a Hamiltonian H : T * N → R satisfies condition (⋆) Σ , then the value m H exists and the set S H ⊂ T * N is defined (see (1) and (2) for the definitions). In this section, we prove the following theorem which generalizes Theorem 1.10.
Theorem 4.2. Let N be a closed manifold, Σ a compact subset of T * N , and Φ = (Φ 1 , . . . , Φ k ) : T * N → R k a moment map. Assume that Φ 1 satisfies condition (⋆) Σ and that the set Φ(S Φ1 ) is a singleton, i.e., Φ(S Φ1 ) = {y 0 } for some y 0 ∈ R k . Then, every fiber of Φ, other than Φ −1 (y 0 ), is displaceable from Σ. In particular, the fiber Φ −1 (y 0 ) is a Σ-stem. Hence, by Theorem 1.9, Φ −1 (y 0 ) is ζ-superheavy for any partial symplectic quasi-state ζ on (T * N, ω 0 ) such that Σ is ζ-superheavy.
Therefore, applying Theorem 4.2 for Σ = 0 N yields Theorem 1.10. To prove Theorem 4.2, we require the following lemma.
Lemma 4.3. Let Σ be a compact subset of T * N and H : T * N → R a Hamiltonian satisfying condition (⋆) Σ . Then, for any c ∈ R with c < m H , the level set
Before proving Lemma 4.3, we show the following well-known fact.
Lemma 4.4. Let X be a compact subset of T * N and f : N → R a smooth function on N . Then the set
is Hamiltonian isotopic to X.
. Choose a smooth function ρ : T * N → R with compact support such that ρ| U ≡ 1. Then, the (time-independent) Hamiltonian ρ · (f • π) : T * N → R has a compact support and gives the desired Hamiltonian isotopy between X and Γ f (X). Indeed, for any (q, p) ∈ X and any t ∈ [0, 1],
and hence ϕ ρ·(f •π) (X) = Γ f (X). This finishes the proof of Lemma 4.4.
To prove Lemma 4.3, we use a generalized version of Contreras' argument [Co, Proposition 8.2] .
Proof of Lemma 4.3. Let g be a Riemannian metric on N . By condition (⋆) Σ , for each q ∈ N the restricted funtion H| T * q N ∩Σ is constant and let c q denote that constant. Then, m H = max q∈N c q .
Choose c ∈ R such that c < m H . By Lemma 4.4, it is sufficient to prove that there exists a function
Choose a smooth function f : N → R whose critical points are contained in U . Since N \ U is compact and df q = 0 for any q ∈ N \ U , the number R 1 = min q∈N \U df q g is positive. We set Σ| N \U = Σ ∩ T * N | N \U where T * N | N \U ⊂ T * N is the subbundle restricted to N \ U . By condition (⋆) Σ , the sets Σ| N \U and H −1 (−∞, c] are compact. Hence there exists a positive number R 2 such that
By the choice of R 2 , it is enough to show that
Arguing by contradiction, assume that there exists a point (q 0 , p 0 ) in the left hand side of (9). Recall that
g,R2 N N \U , we have p 0 g < R 2 . Thus, by the triangle inequality,
Therefore, by the choice of R 1 and the definition of R 3 , we have
and we obtain a contradiction. Therefore, (8) holds. Let q ∈ U . By condition (⋆) Σ and {c q } q∈U ⊂ (c, m H ], for any p ∈ T * q N ∩ Σ we have 
In particular, the fiber Φ −1 (y) is displaceable from Σ. Assume that y ∈ Φ(Σ). Then, in particular,
If y 1 = m Φ1 , then (10) 
This completes the proof of Theorem 1.11.
4.3. Proof of Proposition 1.13. Proposition 1.13 immediately follows from Theorem 1.3 (iii), Proposition 1.6 and the following assertion.
Proposition 4.6. Let X be a compact subset of T * N . If π(X) = N , then X is displaceable from the zero-section 0 N . Proof. By Lemma 4.4, it is enough to show that Γ f (X) is displaceable from 0 N for some smooth function f : N → R. Let f : N → R be a smooth function whose critical points are all contained in N \ π(X). Then df q = 0 for any (q, p) ∈ X. Since X is compact, there exists a positive number R 0 > 0 such that for any (q, p) ∈ X, R 0 · df q = −p. It means that Γ R0f (X) ∩ 0 N = ∅.
This completes the proof of Proposition 4.6.
Proof of Proposition 2.14
In this section, we prove Proposition 2.14 and provide another corollary (Corollary 5.1) of Theorem 4.2. Under the assumption of Proposition 2.14, there are many disjoint superheavy subsets in T * N . We use these superheavy subsets to prove the existence of many non-displaceable fibers. This idea comes from [KO19b] .
Proof of Proposition 2.14. Arguing by contradiction, assume that the moment map Φ has finitely many non-displaceable fibers. Let Φ −1 (y 1 ), . . . , Φ −1 (y ℓ ) be all the non-displaceable fibers of Φ, where y 1 , . . . , y ℓ ∈ R k . By the assumption on H, the fibers Φ −1 (y i ), i = 1, . . . , ℓ, are compact. Then there exists a positive number r such that (11)
By assumption, there exist a positive number R with R > r and a partial symplectic quasi-state ζ R : C c (T * N ) → R such that S * g,R N is ζ R -superheavy. Then, by (11),
Since S * g,R N is ζ R -superheavy, by Corollary 3.5, there exists y 0 ∈ Φ(T * N ) such that the fiber Φ −1 (y 0 ) is non-displaceable from itself and from S * g,R N . Therefore, y 0 ∈ {y 1 , . . . , y ℓ } and Φ −1 (y 0 ) ∩ S * g,R N = ∅. It contradicts (12) and we complete the proof of Proposition 2.14.
On the other hand, we have the following corollary of Theorem 4.2.
Corollary 5.1. Let N be a closed manifold, Σ a compact subset of T * N , and H : T * N → R a Hamiltonian satisfying condition (⋆) Σ . Assume that there exists a partial symplectic quasi-state ζ : C c (T * N ) → R on (T * N, ω 0 ) such that Σ is ζ-superheavy. Then, the level set H −1 (m H ) ⊂ T * N is non-displaceable from itself and from Σ.
Proof. By Theorem 4.2, the level set H −1 (m H ) is a Σ-stem. By Corollary 3.5, H −1 (m H ) is non-displaceable from itself and from Σ.
We provide an example of Corollary 5.1.
Example 5.2. Let (N, g) be a closed Riemannian manifold and r a non-negative number. Let H : T * N → R be a Hamiltonian of the form H(q, p) = ρ( p 2 ) + U (q), where ρ : [0, ∞) → R is a smooth function which attains its minimum value at r 2 and U : N → R is a smooth potential. Then H satisfies condition (⋆) Σ where Σ = S * g,r N . Assume that there exists a partial symplectic quasi-state ζ : C c (T * N ) → R on (T * N, ω 0 ) such that S * g,r N is ζ-superheavy. Then, by Corollary 5.1, the level set H −1 (m H ) ⊂ T * N is non-displaceable from itself and from S * g,r N .
